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Abstract. A graph G on tui is called <Lj-smooth if for each uncountable 

O ' W C LJi, G is isomorphic to G[W \ W'] for some finite W' C W. We show 

mJ ' that in various models of ZFC if a graph G is <cj-smooth than G is necessarily 

f1 ^ trivial, i.e, either complete or empty. On the other hand, we prove that the 

existence of a non-trivial, <aj-smooth graph is also consistent with ZFC. 



1. Introduction 



o 

(-H , Answering a question of R. Jamison, H. A. Kierstead and P. J. Nyikos proved 

in 1^: if the uncountable induced subgraphs of an uncountable n-uniform hypergraph 
are pairwise isomorphic, then the hypergraph must be either empty or complete. In 
this note we investigate how many uncountable subgraphs of a graph G on toi can be 
isomorphic to G provided that it is non-trivial, i.e. it is not complete or empty. As 
a corollary of [Q theorem 4.2] we can get the following positive result: the existence 
of a non-trivial graph on wi which embeds into each of its uncountable subgraphs 
is consistent with ZFC. To formulate this and the forthcoming results precisely we 
need the following definition. 

CN I Definition 1.1. A graph G on uii is called n-smooth (<K-smooth) if for each un- 

countable W C LUi, G is isomorphic to G[W \ W] for some W C W with \W'\ < k 
i\W'\<^). 



Fact 1.2. // a graph G on toi is n-smooth for some n Cz uj, then G is complete or 
^ ; empty. 

Proof. Pick ordinals xo,xi, . . . ,Xn from lui by finite induction such that for each 
j < n we have 






LUl. 



If we can not find a suitable Xj then taking W ~ Cli^j G{xi) we have \W\ = oji 
but \W n G{w)\ < UJ for each w G W . Thus G\W\ contains an uncountable induced 
empty subgraph and so G is empty. 
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Assume now that we could choose the sequence {xi : i < n}. Then let W = 
{xi : i < n} U r\i<n^(^i)- Since G is n-smooth there is W C W, \W'\ < n such 
that G ^ G[W \~W']. Fix i < n + 1 such that x^ i W. Since x^ ^ W \ W, 
W C G{xi) U {xi} and G ^ G[W \ W] it follows that there is w £ uji such that 
uJi C G{w) U {w} and so for each uncountable V C uii there is w G ^ such that 
V^ \ G{v)\ < n. Thus G contains an uncountable complete subgraph and so G is 
complete. D 

On the other hand, in [^ theorem 4.2] it was shown that {)+ implies that there is 
a Suslin tree T = (wi, ^) such that for each uncountable X C wi there is a countable 
X' C X such that T = T \{X\X'). Thus the comparability graph of T is w-smooth 
and clearly non-trivial. However, the question whether a <ti;-smooth graphs on uoi 
is necessarily trivial was left open. This gap will be filled up here: we show that (i) 
in different models of ZFC every <a'-sniooth graph on wi is complete or empty, (ii) 
the existence of a non-trivial, <w-smooth graph G on uji is consistent with ZFC. 

The following question however remains unanswered: 

Problem 1. Is there a non-trivial, uj-smooth or just uji-smooth graph on oji {in 
ZFC)? 

We use the standard set-theoretical notation throughout, cf [||. For a graph G, 
V{G) denotes the set of vertices of G, E{G) the family of edges of G. If H C V{G), 
G[H] denotes the induced subgraphs of G on H. Given x € V{G) put G{x) ~ {y E 
V{G) : {x, y} G E{G)}. If G and H are graphs we write G = H to mean that G and 
H are isomorphic. 

If G and G' are graphs, Is0p(G, G') denotes the family of isomorphisms between 
finite induced subgraphs of G and G'. 

If g is a function let supp(g) = dom{q) U ra.n{q). 

For a cardinal k we denote by C„ the standard poset (Fn(K, 2; oj), ^) which adds 
K Cohen reals to the ground model. 

2. Models without non-trivial <cj-smooth graphs 

Lemma 2.1. If G is a <U!-smooth graph on lui and G has a — not necessarily 
spanned — subgraph isomorphic to the bipartite graph [uj]uji] then G is complete. 

Proof. Fix A G [wi]" and B e [uji]"^' such that [A,B] C E{G). Let 

X = {a euji : \uji\ G(a)| < uj}. 

We show that X is uncountable. Indeed, let a < oJi. Then for some finite C C AUB 
and D C uji\a the graphs G[{A\JB)\C] and G[{uJi\a)\D] are isomorphic witnessed 
by a function /. Then f"{A \C)cX,so X ^a, i.e. \X\ = uji. 

Now, by recursion, we can construct a set y = {?/,, : rj < uji} Ci X such that 
yri G X n Pi G{y^). Then G[Y] is complete and so G is also complete which was to 

be proved. D 
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Let US remark that the statement of lemma 2.1 fails for w-smooth graphs: the 
comparability graph G of the Suslin tree T constructed in ||l|, theorem 4.2] is non- 
trivial and w-smooth, but [ti';tJi] C G and [ijJi;;^!] C G. 

Let us recall the definition of splitting number s: 

s = iam{\A\ : A C [u^ A VX G [ujY 3A ^ A \X n A\ = \X \ A\ = uj]. 



Theorem 2.2. Every <uj-smooth graph on ui is trivial provided (1) or |2j 
below hold: 

(1) LJl <5, 

(2) 2" < 2'^\ 

(3) in a model obtained by adding L02 Cohen reals to some model V . 



Proof of theorem 2.2(1). Assume that G is <w-smooth. For each a G wi let Fa — 
G{a) n UJ. The family J^ = {Fa : a < wi} is not a splitting family for s > wi so 
there is an infinite set B C u; such that B C* Fa or B C* uj\ Fa for each a € uJi- 
Then there is n € lu and an uncountable I d lui such that either B \n a Fa for 
each a € I or B \n Q oj \ Fa ioi' each a € I. Thus either [B \n,I] C E{G) or 
[B \ n, /] n E{G) = 0, i.e [oj; oji] is a subgraph of either G or G, and so G is trivial 
by lemma U^. D 



Proof of theorem 2.21(2) 



Assume on the contrary, that that G is < w-smooth and 



non-trivial. By lemma 2.1, we can choose an uncountable set A <Z uji\u} such that 
G{a) Dcu^* G{(3) n w for each {a, /3} G [A] ^ 

For each uncountable X C A fix a finite set Gx C uoi and an isomorphism fx 
between G[{uj U X) \ Gx] and G. Since T^ < 2'^^ there are sets X,Y e [A]'^' such 
that \X\Y\ > UJ, Gx = Cy a-nd fx\uj = fvluj. Let ^ G X \ F \ Gx- Then 
/ = fy^ o fx is an isomorphism between G[{uj LIX)\ Gx] and G[{uj U y) \ Gy] such 
that f\{uj\Gx)^id\{uj\ Gx)- Taking -q = /(^ we obtain that G(0 n (w \ Gx) = 
G{ri) n (w \ Gx) which contradicts the choice of A because 77 7^ ^ for ^ ^ ran(/). D 



Proof of theorem ^^[3]. Assume that G is a graph on uji in V "^ . Fix a < uj2 such 



that G&V-". Since C 



Cq * C[ 



prove the following statement: 



^2\('^+^l) ^[a.CK+cJi); 



by lemma 2.1 it is enough to 



Lemma 2.3. If G is a graph on uj\, \uj\uj-\\ (/L G,G, then G is not <uj-smooth in 



Proof of lemma 'LS. Applying lemma 2A, we can find an uncountable A C uji \uj 
such that G{a) n w 7^* G(/3) n u) for each {a, /?} G [A]'^ . li G is the Cj^^-generic filter 
over y, let X = {a G A : Elp G t; p{a) = 1}. We show that 



Ic. 



"G and G[(w U X) \ Y] are not isomorphic 



for any Y G [oJi 
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Assume on the contrary that p E C^^, Y e [oji] and / is a Ci^^-name of a 
function such that 

pii — "/ is an isomorphism between G and G[{ujU X)\YY' . 

Fix LJ < ly < LUi such that dom(p) UY d ly, pi^ "/'V = {{u; U X)\Y) n z/" 
and pii — "/ t ^ G V[G \ H-" From now on we work in V[Q \ v\. Let h = f \ 1/ and 
B = h-^{uj \ Y). Since G{a) n w ^* G(/3) n w for each {a, /3} G [^] ^ it follows that 
if {C, O e [^1 \ v] ^ then G(C) n B /* G{i) n B. Thus for each ^ (z uji\v we have 

/(O = a iff h"{G{S,) n B) =* (G(a) n uj). 

Hence / \ {ijJi\v) can be defined in V[Q \ v] and so X\v G V[Q \ v], which is impossible 
by the choice oi X. D 



The proof of theorem 2.2 is complete. D 



The following theorem claims that if CH holds in the ground model, then the 



statement of lemma 2.S can be strengthened: we can find a set in the ground model 



witnessing that G is not <Ci;-smooth in V^"' 

Theorem 2.4. If GH holds and G is a graph on loi such that [ct';ct'i] (^ G, G, then 
there is an uncountable subset X of oji such that 

V^-'^ \= "G is not isomorphic to G[X \ Y] for any Y E [wi]"^ " 

The proof is quite long and technical, so we omit it. 

3. Generic construction of a non-trivial <w-smooth graph 

Theorem 3.1. If 2^^ = L02, then there is a c.c.c poset P of size L02 such that 

V 1= there is a non-trivial, <uj-smooth graph G on uji. 

Proof. We construct P = C * P' in two steps: in the first step, forcing with C = 
Fn(wi,2;w), we add wi-many Cohen reals to V to introduce our desired graph G. 
Then, in the second step, we add many isomorphisms between certain subgraphs of 
G to V'^ to guarantee <cj-smoothness of G in V'^*^ . 

To simplify our notation we take C = Fn([a;i] , 2; w) and define the graph G on 
LUi in V^[5], where Q is the C-generic filter over V, in the straightforward way: 

{a,/3} e E{G) iSBpEG p({a,/3}) - 1. 

If c G C let suppc = Udomc and G^ = /suppc, c^^{l}). Let us remark that if 

c,c' E C, c < c' and dome' = [suppc'l then G'^ is a spanned subgraph of G'^. 
To obtain P' = P^^ we carry out a finite support iteration of c.c.c posets 

{Pa : a <uj2,Qa ■■ a < W2) 
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in the following way: in the a*"^ step, we pick an uncountable set Xa of oji in the 
intermediate model V'-'*^" and then we try to find a finite set Yq and c.c.c poset Qa 
such that 

yC*Pa,*Qa, ]^ uQ ^^^ G[Xa \1"q] are isomorphic 

witnessed by a function /„ . " 

The poset Qa will consist of certain isomorphisms between finite subgraphs of 
G and G[Xa \ Ya], ordered by the reverse inclusion. In other words, we force with 
certain finite approximations of an isomorphism between G and G[Xa \ ^q]- 

The problem is the right choice of Qa because we should meet two contradictory 
requirements. First, the poset Qa should satisfy c.c.c and forcing with Qa can not 
introduce an uncountable empty or complete subgraph of G, therefore Qa can not 
contain too many elements. On the other hand, to guarantee that a Qa-generic filter 
gives an isomorphism between G and G[Xa \ Ya] we need some density arguments, 
i.e. certain subsets of Qa should be dense in Qa, which involves that Qa can not be 
too small. As it turns out, it will be quite easy to meet the first requirement, the 
hard part of the proof is how to cope with the second one. 

Now assume that Pa is constructed and let us see the induction step. 

First, using a bookkeeping function, we pick the set Xa S [uJi] ^ fl V'^*^" in such 
a way that 

To construct the poset Qa we need the following induction hypothesize. To 
formulate it we use two notions. A graph G is strongly non-trivial provided that 
each uncountable family of pairwise disjoint, finite subsets of V{G) contains four 
distinct elements, a, b, c, d such that [a, b] C E{G) and [c, d] fl E{G) =0. If G is a 
graph, a set ^ C V{G) is called dense in G iff for each pair B and B' of disjoint 
finite subsets of V{G) there is a e ^ such that G{a) D B and G{a) n B' = 0. 

Induction Hypothesis . 

(I) V^*^" \= "G is strongly non-trivial" , 

(II) V'^*^- h "VX e [uji]""' 3Y e [X]'^'^ "^5 <u;i3Ae[X\S]'^ A is dense m 
G[X\Y]'\ 



The preservation of the induction h ypo thesize (I) and (II) during the iteration 
will be verified later in lemmas 3.5 and 3.9. 



We continue the construction of the poset Qa- Using (II) fix Ya € [^a] and 
pairwise disjoint countable subsets {D^ : ^ < wi} of Xa \ Ya which are dense in 

G[Xa\Ya]. 

Let us recall that for each P < a in the /3'^ step we already constructed an 
isomorphism fp between G and G[Xp \ Yf^]. For each f3 < a the set Gfj — {ly < uji : 
fp"v C v} is clearly club and Gp belongs to \/C*P3*Q^ ^ yC*p^ Since Pa satisfies 
c.c.c and |a| < 2'^^ = uj2, there is a club set G C wi even in V such that |G\G/3| < u 
for each (3 < a. 
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The club set C — {7^ : v < uji} gives a natural partition Aa ~ {A" : ly < uji} 
of uji into countable pieces: let A" = hi^ilu+i) for ly < wi. We can thin out C 
to contain only limit ordinals and in this case every A" is infinite. Define the map 
rkc( : LUi > L0\ by the formula ^ G A"j. ,^y 

If /3 < a then |C \ C/jj <lo and so all but countably many j4"'s are /^-closed. By 
shrinking C wc can assume every A" contains some D^ and so 

(i) A^ n (X„ \ Ya) is dense in G[X„ \ r„]. 

Since A" G V^ and infinite, it follows 

(ii) j4" is dense in G. 

For r/ < wi let Or, = [^77,^^77 + w) and B° = U{^^ : v G O,,}. Put ^B^ == 

Given two sets Z and VK denote by Bij (Z, M^) the family of bijections between 
finite subsets Z and W . 

If p G Bijp(a'i, X \ F) a sequence x = (xg, Xi, . . . , a;„, ) of countable ordinals is a 
p-loop iff n > 1, xq = Xn and there is a sequence (feo, • ■ • , kn-i) S "{ — 1, +1} such 
that 

(in) rka{xi-^-l) — rka{p''' (xi)) for each i < n, 

(iv) there is no i < n such that {ki, fci+i} = { — 1, +1}, x^+i = p^^{xi) and Xi+2 = 



p '+'(a;H 



1 



We say that p is loop-free if there is no p-loop. 

Now we are in the position to define the poset Qq. We put a finite function 
p G IsOp(G, G[X„ \ r„]) into Qa iff 
(v) p"B^ C Bjj for each 77 < wi, 
(vi) p is loop-free. 

As promised, Qa is ordered by the reverse inclusion: Qa ~ (Qq, ^)- 

Let us recall that suppp = dom(p) U ran(p) for p G Qa- 

We need to show that Qa satisfies c.c.c and a Q^-generic filter gives an isomor- 
phism between G and G\Xa \ Ya\- First we prove an auxiliary lemma. 

Lemma 3.2. //p, q G Bij (wi,a;i), rka" supppflrko," suppq == andx ~ (xq, . . . ,x„) 
is a (pU q)-loop, then x is either a p-loop or a q-loop. 

Proof. Assume that xq G suppp. Then xo ^ suppq, so rkc((xi) = rkQ(p'^''(xo)) for 
some fco G { — 1,+1}. Since p''°{xo) G suppp we have rka(xi) = rkQ,(p'^''(xo)) ^ 
rkc( suppq and so xi ^ suppf/. Repeating this argument we yield {xq, . . . ,x„} C 
suppp \ suppg and so x is a p-loop. D 

Lemma 3.3. Qa satisfies c.c.c. 

Proof. We work in \/C*p„ Assume that {q^ : (, < oji} C Qa, cj = supp^j and 
rj ~ rka cj. Applying standard A-system and counting arguments we can find 
/ G [cji] ^ such that 
(1) {c^ : ^ G /} forms a A-systcm with kernel c. 
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(2) {r^ : ^ G /} forms a A-system with kernel r, 

(3) rkQ,"c = r, 

(4) rk„"(cj \ c) = r^ \ r for each ^ G /, 

(5) g^ f c = g' for each S, & I- 

Since G is strongly non-trivial in V*^*^" by the induction hypothesis (I), there 

l2 



is {^, C} e [/] such that [c^ \ c, c^ \ c] C E{G). We show that g = gj U g^ G Q 



Clearly g G IsOp(G', G[Xa \ Ya]) and g satisfies (v). Since q = q' U {q^\ q') U (g^ \ g') 



and the sets rk„ g', rk^, (g^ \ g') and rko, (g^ \ g') are pairwise disjoint we have that 



g satisfies |(vi)| as well by lemma 3.2. D 

If Q^" is the Qa-generic filter over V^*^'' let /„ = u{g : g G ^"5°}. 

Lemma 3.4. \/C*Pq*Qq ^ «j^ j^ ^^ isomorphism between G and G[Xa \Ya\-" 

Proof. We need to prove that dom(/Q) = cji and ran(/Q) = X^ \ Ya which follows 
if for each v & uji and fi d X\Y both 

Di, = {q ^ Qa '■ V ^ domg} 

and 

Rf, = {q e Qa ■■ fJ. e rang} 
are dense in Q^- Fix g G Qa- Write rk„(i^) = curf + n. Pick urj < C < '-^V + ^ 
such that (suppg) n A? = 0. Since A? n (Xq \ I'q) is dense in G[Xa \ Ya] we can 
find ly' e A^ n {Xa \ Ya) such that {v',q{0} e E{G) iff {;/,C} G ^(G) for each 
^ G domg. Let g' = gU {(i^, i^')}. By the choice of C', ^'^a{i^') = C ^ I'ka" (suppg), so 
this extension of g can not introduce a g'-loop, i.e. g' G Qa- Thus g' G I?,y and q' < q 
which was to be proved. The density of i?^ can be verified by a similar argument 
using the density of ^" in G. D 

The induction step is complete so the theorem is proved provided we can verify 
the induction hypothesize [(I)| a nd (II) in every V'^*^"' . First we deal with |(IJ because 



it is fairly easy. Checking (II) is the crux of our proof 



Lemma 3.5. The induction hypothesis |(lj holds, i.e. G is strongly non-trivial in 
every 



yC*p^ 



Proof. First remark that G is clearly strongly non-trivial in V'^ . By M, lemma 4.10] 
we can assume that a = 7 + 1 and G is strongly non-trivial in V'^*^ . Working in 
yC*Pa assume that gii — "{i^ : ^ < uji} are pairwise disjoint, finite subsets of uji." 
For each ^ < wi pick a condition q^ < q and a finite subset x^ of wi such that g^ 11 — 
"i^ = x^". Since Q.y satisfies c.c.c, we can assume that the sets x^ are pairwise 
disjoint. 



We can also assume that x^ C domg^ because in lemma 3.4 we showed that the 
sets D^ are dense in Q^. 

From now on we can argue as in lemma p^S. Let c^ = suppg^ and r^ = rk-y"c^. 
We can find / G [uJi] ^ such that {c^ • C g} forms a A-system with kernel c and 
{r^ : ^ G /} forms a A-system with kernel r, moreover rk^ c — r, rk-y {c^\c) = r^\r, 
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gj I" c is independent from ^ and x^ C cj \ c for each ^ G /. Write c'f — c^ \ c, 
9? = 9« I" c^, r'^=r^\r and g' = g^ f c. 

Since G is strongly non-trivial in V'^*-^'^ there are Coj^iiCoiCi G -^ such that 
[4o' c'co] C ^(G) and [4^, 4J n EiG) = . Then q^ = gj. U gc, e IsOp(G, G[X \ F]) 



and q^ clearly satisfies (v). Since g* = g' U g^ U g^ and the sets rk^ q' , rk-y g^ and 



rk^"g^, are pairwise disjoint we have that g* satisfies Kvi)| as well by lemma 3.2. Thus 

g°i^[i^„,iCo] C^(G) 
and 

gi|^[%,icJni?(G)=0. 

D 

Now we start to work on (II). 

Definition 3.6. Assume that 7i is a family of function, dom(/i) U ran(/i) C wi for 
each h ^ Ti. A sequence x — (a;o7 2;i, . . . , a;„} G "wi is called 7i -?oop if n > 1, x^ = x„, 
and there are sequences {ho, . . . , /i„_i) G "H and (fco, . . . , fc„_i) G "{ — 1, +1} such 
that 

(vii) h^^{xi) = Xi+i for each i < n, 

(viii) there is no i < n — 1 such that hi = /li+i and {/ci, fci+i} = { — 1, +!}• 
Let Z C uJi- We say that 7^ acts loop-free on Z if 

(ix) Z is /i-closed for each h E H, 
(x) Z does not contain any 7i-loop. 

Definition 3.7. A condition p = {c, q) E C * Pa is called determined iff 

(1) g is a function, dom(g) G [oji] , 

(2) g(?7) is a function for each 77 G dom(g), 

(3) U{supP9(^) : V G dom(g)} C suppc, 

(4) dom(c) = [suppc] . 

The determined conditions are dense in C * Pq. 

Lemma 3.8. In V'^*^" for each J G [a] there is /i < uji such that {/^ : ^ G J} 
acts loop- free on uji\ fi. 

Proof. We work in V[Q], where Q is the C * P^-generic filter over V. The lemma 
will be proved by induction on max J. Let C, — max J and J' = J \ {(}■ Using the 
inductive hypothesis fix /i < o^i such that 

(a) fx^UiBeBc-.Bnfi^iJ}}, 

(b) a A E A(; and A C uii\ 11 then A is /^-closed for each ^ G J', 

(c) {/? : ^ e J'} acts loop-free on oJi \ /i. 

Assume on the contrary that {xq, . . . ,Xn) G "(tJi\/i) is an {/^ : ^ G J}-loop witnessed 
by the sequences {gi : i < n) E "{/^ : £, E J} and {h : i < n) E "{-1, +1}- Let M = 
{m < n : gm = fc}- By the induction hypothesis M ^%. Write M = {nij : j < £}, 
mo < • • • < m^„i. Let yo = a^m,,: Hi = ^nn, ■ • ■ , 2/f-i = a;,„j_i and y^ = x„ig. Pick 
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a determined condition (c, g) G Q such that yj, f^"^^ {yj) e doin{q{C)) fl ran(g(C)) 
for each j < i. We claim that {yj '■ j < i) is a (7(C)-loop witnessed by the sequence 



{knij ■ j < i), which contradicts the choice of Q(. Condition [iii] holds because 



rk^(2/j+i) = rk^(/, ^ (j/j)) by (b). Assume on the contrary that |(iv)| fails, i.e, there is 



„ m.- , V , „ "^j + 1 



j <£ such that {fc^^. , fc^^.^, } = {-1, +1}, yj+i = /^ ' (y^) and yj+2 = /<; '^' (j/j+i)- 

Since /^"' (j/j) = /^"' (x^J = a;„i^.+i and y^+i == x,nj+i, and so x^^.+i = Xm,+i, by 
(c) it follows that nij + 1 = ?7ij+i. Similarly, ttij+i + 1 = ?7ij+2- Thus Xm = yj, 
Xnij+i = 2/j+i and Xmj+2 = yj+2- So gmj = gnij+i = /c and {A:™^, fcm^+i} = 
|— 1, +1} which contradicts our assumption that {gi : i < n) and (fc^ : i < n) satisfied 



Vlll 



D 



Lemma 3.9. The induction hypothesis (II) holds in V^ 



:^*Pc 



yc*p^ ^ "VX e [wi]"' 3Y G [X]<" V<5 < wi 3A G [X\,5]'^ A is dense zn 
G[X\Y] ", 

Proof. Assume that 

'^C*Pj'^X = {ij : f < wi} G [t^i]'^'- 

Pick determined conditions p^ — {c(^,q^) (z C * Pa and x^ G tJi such that p^n — 
"i^ = cc^". We can assume that x^ G suppc^. Write Jj = domg^ and Z^ = supp(c^). 
Now there is if G [wi] ^ such that the conditions {p^ : £, G iiT} are ^^pairwise 
twins" , i.e. 

(1) {Z^ : ^ G K} forms a A-system with kernel Z, 

(2) { Jj : ^ G iiT} forms a A-system with kernel J, 

(3) maxZ < min{Z^ \ Z) < max(Z^ \ Z) < min(Z^' \ Z) for ^ <C ^ K, 

(4) |.^^| = I ^5' I for {^,C'} G [iiT] . Denote by ip^^^i the natural bijection between 
Z^ and Z^' . 

(5) C4.(({^e,e'M,m'(^')})) = C4({'^,^'})for{^,^',}e [Zc]'andU,ne M', 

(6) ge('7) = {(^e,eM,^e,e(^')) : ('^,^') e mm for 77 G J and {^,^'1 G [if]'. 
Since Br^ is a partition of lji into countable pieces for rj £ J, there is a club set 

C — {7,y : z/ < LJi} C cji in V'-'*''^'' such that for each rj £ J and i/ < cji we have 

[7.,7.+i) = \J{B £Br,:Bf\ [7.,7.+i) 7^ 0}- 

Since C * Pa is c.c.c we can assume that C £V . 

By thinning out K we can assume that if ^ < ^' G if then there is 7 G C such 
that max(Z^ \ Z) < 7 < min(Z^/ \ Z), moreover maxZ < minC. 

By lemma p^ fix /i G C such that 6 < jjl and 1c*Pq h — "{/i? • ^ £ '^l 'Jcts loop-free 
on LJi \ /i" . 

If rf = (r/o, . . . , rin-i) G "J and k = (fco, ■ ■ • , /^n-i) £ "{-1, +1} for some n G w 
then let 



f/_r\ = f^"~^ 0---0 f^° 
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If p = (c, q) is determined and J C dom(g) we define the q- approximation of 



f/^t\, fJ^ -\ , in the natural way 



fy^=qirin-l)'"-'o...oqir^o)''^'. 
We say that f(~j:\ is irreducible if there is no i < n — 1 such that rji — rji-^-i and 

Let S^ £ K he arbitrary. An irreducible // - n is active iff dom /?! -, n {Z^ \Z) ^ 0, 

i.e., there is a sequence x = (xq, . . . ,a;„_i) G "(^5 \ ^) such that Xi+i = q(X^iY^{xi) 
for i < n. Observe that the definition of activeness above does not depend on the 
choice ^ because the conditions {(cj, 9j) : ^ S K} are pairwise twins. 
We say that x witnesses that // - j:\ is active. 

Let K' g [X]", A = {{Pi,x^) : ^ G is:'} and C e if \ K'. Let r* = {c*,q*) < p^ 
be a determined condition such that for each active // - j:\ and w d Z the value 

/L r\ (w) is defined. Let 



Y 



"L-/'[^,fc)(^) ■ %fe) ^^ ^"^^'^^ ^"^ ^ ^ ^i- 



Claim . Y is finite. 



Proof of the claim. Since {/,, : 77 £ J} acts loop-free on Z(^ \ Z, the elements of a 
witnessing sequence are pairwise different, so there are only finitely many of them 
and a witnessing sequence works only for one active // - j:\ ■ So there is only finitely 
many active // - gs . D 

We show that 
(•) r*n—A is dense in G[uji \ Y]. 



which completes the proof of lemma 3.9 



To verify (•) assume that r' < r* , r' — (c', q') is determined, B £ [uJi \ Y] and 

Pick ^ £ K such that supp(c') fl supp(c^) — Z and dom(g') n dom((7j) — J. To 
prove (•) it is enough to construct a common extension p = (c, q) of r' = (c', q') and 
Pi — (cj, 95) such that c{x^,(3) — 6(/3) for each (3 G B. 

Let supp c — supp c' U supp cj. Put dom q = dom q' U dom g^ and let 

r <?'(?7)Uqe(r/) ifr/e J, 
(/(r/) = < g'(?7) if r/ G domq' \ J, 

[ '?«('7) if '7 e domg^ \ J. 

Put c" = c'Uc^. 

We should define c D c^ on the set 

E = {{a,b} :aeY^\Y,be suppc'\y}. 
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such that every g(?7) is a partial isomorphism of G, more precisely, q{ri) G IsOp(G"^, G"^). 
To do so, observe that if we take 

E+ ^ {{a, b}:aeY^\Y,be suppc'} 

and for e G E'^ define Ue — eO {Z^ \ Z) and be = eO suppc' then q{rj) G IsOp(G'^) if 
and only if (t) below holds: 

(t) if e = {ae,be} G E+ then c{ae,be} ^ c{q!:{r]){ae),q'{T]){be)}. 

Define an equivalence relation = on E^: e=e' iff e = e' or there is an active //- jr\ 

such that flp' = f i'^ -> (ap) and bpr — f? -> (bp). 

Claim 3.9.1. If e = e' and a^ = ae' then e ~ e'. 



Proof of the claim 3.9.1 . Assume e=e' and 6e 7^ &e'- Then there is an active f/,-j:\ 
such that flg' = fji -X (fte) and feg' = /L -\ (^e)- Since 111 — "{/^ : 77 G J} acts freely 
on 071 \ /i" it follows that Oe 7^ fj^ r\('^e) ^^'^ ^° '^e 7^ Oe'- n 

Claim 3.9.2. //e,e' G i?+ ndom(c~) and e = e' t/ie^ c~(e) = c~(e'). 

(,T,fc) s'^ch that ae> = /^'^ -^ ( 



Proof of the claim 3.9.L Fix an active //,-?j\ such that Oe' = fittAo-e) and 6e 



/J^ ^, [bp). Since e, e' G E^ fl dom(c ) it follows that e, e' G dom(cj) and so ae, flg' G 
Z. Thus 6p. = .fJyAbe)- But /««, G IsOp(G^«,G^0 for {c^,q^) G C * P„ so 
c^e) = c^(e'). D 

Claim 3.9.3. If e e E+ n dom(c") and e = e' then be' G Y. 



Proof of the claim 3.9.5. Since e G E^ n dom(c ) we have be G Z. Fix an active 
f/- r\ such that «„/ = f?* -, (op) and 6p/ = f? -, (be). Since f/-. r\ is active it follows 

that f^jyihe) is defined and i^-^ihe) G F. But /J.^:^(&e) = /J^-_fc)(&e) so be' G F 
which was to be proved. D 



By claims 3.9.1 - 3.9.3 we can find a condition c G C with supp c = supp c' U supp C{ 
and dom c = [supp c] such that 

(a) cz:) c'^ ~ c' \J c^, 

(b) c(e) = c(e') whenever e=e', 

(c) c{a;^,/3} = 6(/3) for /3 G B. 

Then (f ) holds and as we have seen above, (c, q) & C * Pa and 

(c, g) II— (V/3 G B) {x^, f3} G E{G) iff 6(/3) = 1. 
Thus (•) holds. Hence lemma ^^ is proved. D 
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So we have shown that (II) is preserved during the inductive construction, which 



was the last step to prove theorem 3.1. D 
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